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31:2 Weirich, Voizard, Azevedo de Amorim, and Eisenberg

A  COMPLETE SYSTEM SPECIFICATION

The complete type system appears in here including the actual rules that we used, automatically
generated by Ott. For presentation purposes, we have removed some redundant hypotheses from
these rules in the main body of the paper when they were implied via regularity. We have proven
(in Coq) that these additional premises are admissible, so their removal does not change the type
system.'??*>°These redundant hypotheses are marked via square brackets in the complete system
below.

We include these redundant hypotheses in our rules for two reasons. First, sometimes these
hypotheses simplify the reasoning and allow us to prove properties more independently of one
another. For example, in the rule E-BETA rule, we require a; to have the same type as a;. However,
this type system supports the preservation lemma so this typing premise will always be derivable.
But, it is convenient to prove the regularity property early, so we include that hypothesis.

Another source of redundancy comes from our use of the Coq proof assistant. Some of our proofs
require the use of induction on judgments that are not direct premises, but are derived from other
premises via regularity. These derivations are always the same height or shorter than the original,
so this use of induction is justified. However, while Coq natively supports proofs by induction on
derivations, it does not natively support induction on the heights of derivations. Therefore, to make
these induction hypotheses available for reasoning, we include them as additional premises.

One other minor difference is that this specification also allows the toplevel signature to include
type constants T, which must have kind . These type constants have little interact with the rest of
the language.

B TOPLEVEL SIGNATURES

Our results are proven with respect to the following toplevel signatures:

%1 =0 U {Fix ~ A" x: %A y:x.(y (Fix[x]y)) : T x:% = (x = x) — x}

2o = 341
However, our Coq proofs use these signature definitions opaquely. As a result, any pair of toplevel
signatures are compatible with the definition of the languages as long as they satisfy the following
properties.
(1) F %o
(2) k2
(3) 2o = 134]

C REDUCTION RELATIONS

C.1 Primitive reduction

(primitive reductions on erased terms)
BEeTA-APPABS BETA-AXIOM
[Value (A x.v)] BeTA-CAPPCABS F~a:A e3>
E (APx.v) b” > v{b/x)} E (Ac.a’)[e] > a’{e/c} EF>a

1 ext_invert.v:E_Pi2,E_Abs2,E_CPi2,E_CAbs2,E_Fam2 2 ext_invert.v:E_Wff2,E_PiCong2,E_AbsCong2,E_CPiCong2,E_CAbsCong2
3 ext_red.v:E_Beta2 4 fc_invert.v:An_Pi_exists2,An_Abs_exists2,An_CPi_exists2,An_CAbs_exists2,An_Fam2
5 fc_invert.v:An Sym2,An_Trans2,An_AbsCong_exists2 6 fc_invert.v:An_AppCong2,An_CPiCong_exists2,An_CAppCong2
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C.2 Implicit language one-step reduction

E-ABSTERM
Fa~ad

E-APPLEFT
Fa~d

Fabl~ d b

EA x.a~ A x.d

E-CAprrCABS

= (Ac.b)[e] ~ ble/c}

C.3 Parallel reduction

(single-step head reduction for implicit language)

E-CAPPLEFT
Fa~d

= ale] ~ d'[s]

E-AprPABs
[Value (AP x.v)]

E (Ax.v) @® ~ v{a/x)}

E-Axiom
F~a:A €2

EF~a

(parallel reduction (implicit language))

PAR-BETA
Fa= (Ax.d) PAR-ApP PAR-CBETA
PAR-REFL Eb= b Fa=d Eb= b Fa= (Ac.d)
Fa=a FEabl = d{b/x} Eabl =ad b”’ F a[e] = a’{e/c}
Par-CArp PAR-ABS PAR-P1
Fa=d Fa=ad FA= A EB= DB

E a[e] = d'[e] FAPx.a= Mx.d EIl’x:A— B=>II"x:A" > B

PARr-CP1
ParR-CABS FA= A FB= B PAR-AXIOM
Fa=d Fa=d F A = A] F~a:A€e3
E Ac.a= Ac.d FVc:A~p Ba=Ve:A' ~y B.d EF=a

C.4 Explicit language one-step reduction

AN-APPLEFT
Tta~d

Trabl ~ d b’

(single-step, weak head reduction to values for annotated language)

AN-CAPPLEFT
Tta~d

AN-APPABS
[Value (AP x:A.w)]

Tt (APx:Aw) a” ~ wla/x)

Tk aly] ~ d'[y]

AN-ABSTERM

T'rA:x AN-AxIOM
AN-CAPPCABS T,x:Ar b~ b F~a:Ae€3,
I'F (Ac:¢.b)[y] ~ bly/c} Tk (A x:A.b) ~ (A x:Ab) '+rF~a

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 31. Publication date: September 2017.



31:4 Weirich, Voizard, Azevedo de Amorim, and Eisenberg

AN-CONVTERM AN-COMBINE
F'ta~d [Value v]
l"l—a>yf\/>a/>y Tk (vey) >y~ ve (Y1572)
AN-PusH AN-CPuUsH
[Value v] [Value v]
Tk Y : 1—Ipx11A1 — By ~ HpXZZAz — B, T+ Y VYo Z¢1.A1 ~ V022¢2.A2

b’ = b sym (piFsty) ¥{ = y1 > sym (cpiFsty)
Y =y@W =lpirsty) b) Yy =y@(y{ ~y)

Tk (vey) b~ (vbP)ey’ Tk (vey)yil ~ (VD >y

D FULL SYSTEM SPECIFICATION: IMPLICIT LANGUAGE TYPE SYSTEM

(typing)
E-ABs
E-P1 I''x:AFa:B
E-STAR E-VAR [Lx:AFB:x% [TEA:«%]
ET ET x:AeT [TEA: %] (p=+)V(x¢fva)
TEXx:x TEx:A IFr'Ellx:A— B: % I'EA’x.a:11Px:A— B
E-Conv
E-App E-IApp T'Fa:A E-CP1
I'Ebh:II"x:A— B rEb:II' x:A—>B ILTEA=B:x ILc:pEB:%
'EFa:A 'Fa:A [T E B: %] [T E ¢ ok]
T'Eba :Bla/x) T'EbO : Bla/x} I'Fa:B F'EVce:¢.B: %
E-CABs E-CArp E-Fam
T,c:pFa:B I'Ea :Ve:(a~ab).B ET F~a:A€?3
[T E ¢ ok] I'TEa=b:A [T EA: %]
I'EAc.a:Ve:¢.B T F ai[e] : Bi{e/c} TEF:A
I'E ¢ ok (Prop wellformedness)
E-WFrr
F'Fa:A
TEb:A [TEA:%]
TEa~sbok
T;AE ¢ = ¢ (prop equality)
E-IsoConv
E-ProrCoNG AFA=B:%
F;A':AlEAgiA T|=A1~AA20k
F;AﬁBlfleA F':Al"‘BAzOk
F;A':Al NABlEAZ NABZ F,A':Al "‘AAzEAl NBAZ
E-CP1FsT
IAEVYe:¢1.By =Ve:¢y.By : %
LAE ¢ = ¢
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I;AEa=b:A

(definitional equality)

E-Assn E-TrANS
ET E-REFL E-Sym ITAFa=a A
ci(a~apb) €T ceA F'Fa:A IAEb=a: A I;AEa=b:A
IDAEFa=b:A IAFa=a:A IMAFa=b:A I;AEa=b: A
E-P1ConNg
F,A':Al EAzl*
I,x:A;;AEB =By : %
E-BETA [TEA;: %]
r|:a1:B [F':prlAlﬁBll*]
[l"|=a2:B] Fa > a [F':pr:AzﬁBzz*]
I;sAEa =ay:B IAE (I1Px:A; > By) = (IPx: Ay > By) : %
E-ABsConG
F,x:Al;A':bl = szB
[T FA; :*] E-AppCONG
(p=+)V(x¢fvb) I'NAEa=b :ITI"x:A—> B
(p=+4)V(x¢fv by) IAFEa=0b: A
;A E (APx.by) = (APx.by) : IPx:A; —> B T;AF a; ay” = by by" : Blay/x)
E-IAppCoONG
I'AEa=b :IT'x:A—> B E-PiFsT
TEa:A

AETIPx:A; —» B =11Px:Ay — By : %

I;AEaq O =b, 0 : Bla/x} T;AEA =A%

E-CP1ConG
[;AE ¢ = ¢
Ic:p;AFA=B: %
E-P1SND [T E ¢y ok]
IAETIIPx:A; —» B =I1Px:Ay — By : % [TEVe:dy.A:x]
LAFa =a: A [ EVc:gy.B: %]
T;A E Bi{ai/x} = By{ag/x} : % TAEVYe:p1.A=Ve:y.B: %
E-CABsConG E-CArrCoNnG
Ic:p;AFa=b:B I’AEa =b; :VYe:(a~y b).B
[T E ¢, ok] I TEa=b:A

;A E (Ac.a) = (Ac.b) : Ve:¢1.B

[ A F a[e] = by[e] : B{e/c}
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E-CP1SnD

IAEVYce:(a; ~4 az).By
F;f|= ag=ay: A
TEd =a,:A

Weirich, Voizard, Azevedo de Amorim, and Eisenberg

=Vei(ay ~a ay).By

E-CasT
T;AEa=b: A

I;AF Bi{e/c} = Byfe/c} : %

E-EqConv
I5AEa=b:A
I5TEA=B: %

I;AEa=b:B

I’AEa~sb=ad ~u b
IAEd =b : A

E-IsoSnD
AFEa~asb=d ~x b

IAEA=A %

(context wellformedness)

E-ConsTMm E-ConsCo
ET ET
E-EmpTy TEA:%x  x ¢ domT T E ¢ ok ¢ ¢ domT
Eo FT,x:A FEl,c:¢
(signature wellformedness)
S16-CoNsAxX
EX TEA:x
S1G-EMPTY

Fo

dEa: A

F ¢ domX

FEXU{F~a:A}

E FULL SYSTEM SPECIFICATION: EXPLICIT LANGUAGE TYPE SYSTEM

(ying)
AN-ABs
AN-P1 [T+A:%]
AN-STAR AN-VAR ILx:ArB: % I'x:A+ra:B
+T +T x:AeT [T+ A:x] (p=+)V(x¢fvlal)
TFx*:x F'tx:A F+IIPx:A—> B:x 't APx:Aa:11Px:A— B
AN-Conv
AN-App Tra:A AN-CP1 AN-CABs
F'+b:11’x:A—> B I;Try:A~B [T+ ¢ ok] [T+ ¢ ok]
T'ra:A I'B:x% Ic:prB:x I'nc:pra:B
T+ ba”: Bla/x} Fravy:B T'rVYe:p.B:k T'FAc:p.a:Ve:¢.B
AN-CAPP AN-Fam
I'ta;:VYeia~y bB FT F~a:AeZ
;Try:a~b [T+ A:x]
'k a[y] : Bly/c} THF:A
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(prop wellformedness)
AN-WFF
F'ra:A
F'rb:B |Al = |B|
Tra~ybok
‘F; Avry:dr~ ¢ ‘ (coercion between props)
AN-ProrCONG
I‘;Al—yl ZA1 ~A2
T;AFY21B1~BZ
'k Ay ~a By ok AN-CP1FsT

Tk Az ~A Bz ok
LA R (y1 ~a y2) : (A ~a By) ~ (Ay ~a By)

F;A F YIVCZ(]S].AZ ~ VCZ¢2.BZ
I A+ cpiFsty : ¢y ~ ¢2

AN-IsoConv
IAry:A~B
T'Fa; ~4 ay ok
T+ a; ~p ay ok
’ ’
lai| = |a| laz| = |aj]

AN-IsoSym
F; A F )/ . ¢1 ~ ¢2
F,A F symy : ¢2 ~ d)l

IAry:A~B

;A Fconv (ay ~4 az) ~y (a) ~p a3) : (a1 ~a az) ~ (aj ~p a3)

(coercion between types)

AN-ERASEEQ
AN-ASSN F'ra:A
FT AN-REFL I'r biB lal = |b|
cia~abeTl ceA F'ta:A I;Try:A~B
I'Avrc:a~b T;Avrrefla:a~a F;Ak(a|=|yb):a~b
AN-TRANS
AN-Sym GArpia~a
Trb:B Tta:A LArys:a~ Db AN-BETA
[I‘;Fl—yl:B~A] [IW—a:f\] [Fl—al:Al] T'ta: B I'ay: B
Avy:b~a ;T Fys: A~ A |Bol = |B1] Flai| > |agl

IAFsymy:a~b AR (yisyz):a~b

AN-P1ConeG
F;Al-)/l 1A~ Ay

F,x:Al;Al—yz :By ~ B,

Bs = By{x > symy;/x}
IF'+IPx:A; — By : %
IF'+1IPx:A; — By : %
I'rIIPx:Ay — B3 : %

F;Akredal az :ap ~ ay

[;AF (IPx:y1.y2) : (ITPx:A; = By) ~ (IIPx: Ay — Bs)
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AN-ABsCONG
F;AF}/I A~ Ay

Ix:AAvry,: by~ by AN-ArPCONG
bs = by{x>symy;/x} LAy a0~ by
[T FA; :*] THAy:% [AFys:az ~ by
(p=+)V (x¢fvb) I'rayaf: A
(p=+)V (x¢fvbs) Trb b :B
[T+ (APx:A;.by) : B] [[;TFys: A~ B]
;A - (/IPXZ)/].)/Z) : (APXZAl.bl) ~ (ApXZAg.bg) AR ()/1 )/éo) : ((11 agp) ~ (bl bgp)
AN-P1SND
[;A Ry : (IPPx:A; — By) ~ (IIPx: Ay — By)
AN-PIFsT DiAvry: a1~ a
Ay :IIPx:A; » By ~IIPx:A; - By Tra : A Tra: Ay
I'AFpiFsty : A ~ Ay ;A F y1@y2 : Bi{ay/x} ~ Bylag/x}
AN-CABsCoNG
AN-CPICONG LAFy:¢1~ ¢
LAy i1~ ¢2 Ie:p;AvFys3:a1 ~ az
T,c:¢i;Arys:B ~B, a3 = ap{c>symy;/c}
B; = By{c>symy;/c} T+ (Ac:¢r.a1) : Ye:dy.By
I'+VYe:gy.By -k 'k (Ac:¢r.a5) : B
[T+ Ve:gy.Bs i ] TF(Ac:gz.a3) : Ve:gp.By
rFVCI¢1.Bzi* F;FF}/4ZVCZ¢1.Bl~VCZ¢2.B2

;AR (Ye:yrys) : (Ve:gr.By) ~ (Ye:¢a.Bs) T;A R (Ac:yr.ys@ya) = (Ac:r.a1) ~ (Ac:¢p.a3)

AN-CArrPCoONG
F;Al—ylza1~b1
T;Fkyg:ag~b2

I’TH Y3 as ~ bg AN-CP1SND
T (11[}’2] A ;A - Y1 (Vclza:A a'.Bl) ~ (VCZZb ~B b/.Bz)
Fl—bl[y?,]ZB F;FI—yZ:a~a'
[[;TFys: A~ B] iTrys: b~V
LA R yilye, vsl = ailye] ~ bilys] ;A Fyi@(yz ~ y3) : Bulyz/ci} ~ Balys/ca)
AN-CAsT
Aryi:a~d AN-ISOSND
Ay, :(a~ad)~(b~pb) ;Ary:(a~ad)~(b~pb)
AFyioy2 b~ 0 I;ArisoSndy : A~ B
(context wellformedness)
AN-ConsTM AN-ConsCo
T FT
AN-EMPTY F'tA:x  x ¢ domT I'+¢ ok c ¢ domT
%} FILx: A Flc: ¢

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 31. Publication date: September 2017.



A Specification for Dependent Types in Haskell (Technical Appendix) 319

(signature wellformedness)

AN-S1G6-CONSAX
F2 DA%

AN-S1G-EMPTY Sra:A F ¢ domX
F O FXU{F~a:A}
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